The solvability of the following system of difference equations
Introduction
Various types of difference equations and systems have been investigated in the last twenty years [-] . Many of the systems studied there, such as the ones in [, , -, -, -, -, -], were essentially obtained as some sorts of symmetrization of scalar ones, and were studied first by Papaschinopoulos and Schinas. One of the basic problems investigated in the field is the solvability (see, e.g., [-] for widely known methods). For some recent results, see, e.g., [, , , -, -]. Recently several papers presenting formulas for solutions to some difference equations and systems, but without mentioning any theory, have appeared. A theoretical explanation of formulas for such an equation given in our note [] has attracted some attention. The note shows that the equation is closely related to a known solvable one, and the main idea has been used and developed later in many papers (see, for example, [, , , , , ] and the references therein).
During the study of some equations and systems (for example, those in [] and []), we have noticed the importance of some classes of solvable ones in their investigation. Eliminating the constant addends in the equations and systems in these two papers, producttype ones were obtained. It is known that product-type equations and systems are solvable if initial values are positive. But the standard method for solving them by using the logarithm is not suitable if some of the values are not positive. The corresponding product-type system in [] is a special case of the following one:
where a, b, c, d ∈ Z, α, β ∈ C and w - , w - , w  , z - , z - , z  ∈ C, is solvable, complementing our previous results in [, , -, -]. In fact, we will consider the case when α, β, w - , w - , w  , z - , z - , z  ∈ C \ {}, since otherwise trivial or not well-defined solutions to system () are obtained. The system has the most complex structure of solutions to all the related systems studied so far, and some of the forms of solutions appear for the first time. The complexity forced us to use and develop almost all methods and tricks that we have used so far. We have to also mention that we regard that
Auxiliary results
Here we quote three lemmas which we employ in the section that follows. The first one contains what was proved in [] , formulated in a compact form. 
Lemma  Let
The following lemma contains some known summation formulas which we employ in this paper (see, e.g., [, ] ). For a general method for calculating this type of sums, see [] .
where z ∈ C. Then
for every z ∈ C \ {} and n ∈ N.
Main results
This section formulates and proves our main results. The first two results deal with the case when c =  and one of the parameters b and d is also zero. 
from which the following is obtained:
Employing () in the second equation in (), we get
From () and (), formulas ()-() easily follow. 
(b) If a = , then the solution to system () is given by () and
Employing the second equation in () in the first one, we get
from which, along with the fact z  = αz
From (), formulas () and () easily follow.
and
which together imply
We also have
()
Now we follow our method presented, for example, in [], p. , and [], Theorem ..
then
Further, from () we have
for n ≥ , where
for k ∈ N \ {} and every n ≥ k + , and
Employing (), where n is replaced by n -k in (), it follows that
for n ≥ k + , where
From (), (), ()-() and the induction, we conclude that ()-() hold for
Setting k = n - in () and employing (), we get
The same equation is also satisfied by sequences b k , c k and
The assumption d  = bd -ac = , along with () and (), shows that it must be
(see, for example, the corresponding calculations in []). From () and since y  = a  , we obtain
It is clear that closed-form formulas for solutions to problem ()-() can be easily found, from which along with () and Lemma  closed-form formulas for y n can also be found, from which along with () the solvability of system () follows.
Further, we have
Following the lines of the above method, it is proved that
and (), and where (y k ) k∈N satisfies () and (). From () with k = n +  and by using (), we get for n ∈ N  . From this and since the closed-form formulas for a k and y k can be found as above, the solvability of () follows. It is easily checked that () and () present a solution to system ().
Then the general solution to system () is given by () and (), where (a k ) k≥- satisfies () and (), while (y k ) k≥- is given by () and (). Now we conduct a detailed analysis of the form of sequences a k and y k appearing in the proof of Theorem . The reason why equation () is solvable when ac = bd is based on the fact that its characteristic polynomial
is of the forth degree, so, solvable by radicals. The equation p  (λ) =  is equivalent to 
where p = bd -ac and q = (bd -ac)a  -c  .
Then () becomes
which implies that
or
Recall that solutions to () are found in the following form: 
which, by using the change of variables p = - / and q = - /, is written in the following form:
For this s quadratic equations () and () are solved, from which it follows that the zeros of p  are 
Since due to (), P cannot be positive, p  cannot have two pairs of complex-conjugate zeros.
It is well known that in the case the general solution to () has the form
where γ i , i = , , are constants. By Lemma  we also have
From this and (), it is obtained
for n ≥ -. Using () into () and applying () four times, we get
since λ i = , i = , . In fact, () shows that () holds also for n = -j, j = , .
All zeros of p  are different and one of them is equal to . Polynomial p  has  as a zero if
We may assume that λ  = . To calculate the other three zeros of p  , the following equation should be solved:
By using the change of variables λ = s +
a-  , equation () is transformed in () with
where
ε is a complex zero of the equation t  = , and p and q are given in ().
For example, if a =  and c = , then bd =  and = , so by Lemma , p  has four different zeros such that exactly one of them is equal to , and
Formula () holds with λ  = . Further, we have
for n ∈ N. In fact, using () it is shown that () also holds for n = -j, j = , . From this and by Corollary , we get the following result. 
is a polynomial with exactly one double zero λ , =  =  and two complex conjugate zeros
where γ i , i = , , are constants, and the solution satisfying () can be obtained, for example, by letting λ  → λ  in (), which yields (see [] )
Combining () and () and using Lemma , we have
p  has exactly one double zero equal to . Polynomial p  has  as a double zero if () holds and
that is, c =  -a, which implies that
It will be exactly a double zero if p  () =  -a = , that is, a = . We may assume that λ , = . Then from () it follows that
In this case we have ([])
and p  has two pairs of different double zeros. By Lemma  in this case it must be D =  which is equivalent to bd = ac -a  and =  which is equivalent to
that is,
If it were a =  or c = , then from () or () we would get a = c = , which would imply bd = , which is impossible. If it were a, c ∈ Z \ {}, from () we would get a  /c = (- ± i)/, which is also not possible. If ac = , then from () it follows that c = -a  /. Let λ = at, then
are two double zeros of p  for each a = . Hence, for every a = , polynomial p  has two pairs of equal zeros. It will have integer coefficients only if a = â, for someâ ∈ Z \ {}. Note that since a( ± √ )/ = , for every a ∈ Z,  cannot be a double zero of p  .
In such cases the general solution to () has the following form:
where γ i , i = , , are constants, and the solution satisfying () is ([])
from which along with () and by Lemma , it follows that
w  ∈ C \ {}. Then the following statements are true. 
Hence, for every a = , a/ is a triple zero of p  , and p  cannot have a zero of the fourth order. For a = â,â ∈ Z \ {}, polynomial p  has integer coefficients, and for a =  it has a triple zero equal to , which could be also obtained by further analyzing the polynomial in ().
Let λ j , j = , , be the zeros of polynomial p  . In the case, we may assume that λ  = λ  = λ  and λ  = λ  . Then, in the case, the general solution to () has the following form:
where c i , i = , , are arbitrary constants.
Since () must hold, the following system also holds:
where λ = λ  /λ  . By solving system (), we get 
